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1. INTRODUCTION
The moduli spaceM0,n plays important roles in algebraic geometry and
theoretical physics. Yet, some basic properties of M 0,n still remain open.
For example, M0,n is rational and nearly toric (that is, it contains a toric
variety as a Zariski open subset), but it is not a toric variety itself starting
from dimension 2 (n ≥ 5). So, a basic question is: Can it be degenerated
flatly to a projective toric variety? Finding toric degeneration is important
because many calculations may then be done in terms of combinatorial
data extracted out of polytopes and/or fans. The main purpose of this
note is to answer the above question in affirmative.
We achieve this by showing that the Chow quotient of the Grassman-
nian Gr(2,Cn) admits toric degeneration, which in turn, follows from a
theorem that we prove for toric degenerations of more general Chow quo-
tients. Consequently, this implies aswell that the Chow quotients of higher
Grassmannians ([19], [26], [25]), hence also (the main component of) the
moduli spaces of hyperplane arrangements ([11]) and (the main compo-
nent of) the moduli spaces of semi log canonical pairs ([1], [2], [3], [10],
[22]), can be degenerated flatly to projective toric varieties. Along the way,
we also argued that GIT quotient of a flat family is again flat. In particular,
all GIT quotients of flag varieties bymaximal tori can be flatly degenerated
to projective toric varieties ([9] and [12]).
2. FLAT FAMILY OF GIT QUOTIENTS
2.1. Flat family of G-varieties. Throughout the paper, we will work over
the field of complex numbers. Let f : Y → B be a flat family of projective
varieties. Assume that a reductive algebraic group G acts algebraically on
the family and preserves fibers. That is, G acts on the total space Y , acts
on the base trivially, and f is G-equivariant.
Let L be any G-linearized ample line bundle over Y and Lt be the re-
striction of L to Yt = f
−1(t) with the induced linearization for any t ∈ B.
By [28], we have
Y sst (Lt) = Y
ss(L) ∩ Yt
1
and
Y st (Lt) = Y
s(L) ∩ Yt.
Using these identities, the assumption that G acts trivially on B, and f is
G-equivariant, we obtain an induced map
f : Y ss(L)//G→ B
with fibers Y sst (Lt)//G for any t ∈ B.
WhenB is regular and of dimension 1, the flatness of f is automatic. We
will show that under the above conditions, it is always flat.
Theorem 2.1.1. The induced family f : Y ss(L)//G → B of GIT quotients
Y sst (Lt)//G (t ∈ B) is always flat.
Proof. Replace L by a large tensor power, we may assume that L is very
ample and descends to a very ample line bundle M over the quotient
Y ss(L)//G. Hence for every n > 0, Ln descends to the line bundle Mn
over Y ss(L)//G. It follows that Lnt descends toM
n
t for all t ∈ B simultane-
ously. Now, by the Theorem of “Quantization commutes with Reduction”
(see, for example, [30]), we have that for n >> 0,
H0(Y sst (Lt)//G,M
n
t ) = H
0(Yt, L
n
t )
G.
This shows that dimH0(Y sst (Lt)//G,M
n
t ) is independent of the parameter
t because dimH0(Yt, L
n
t )
G is so. Hence f : Y ss(L)//G→ B is flat. 
2.2. Toric setting.
Toric Setting 2.2.1. Consider again our flat family f : Y → B. Let 0 ∈ B
be a distinguished point such that Y0 is a toric variety with the maximal
torus T. Assume in addition that G is a subtorus of T whose action on Y0
is induced from that of T.
Under this assumption, Y ss0 (Lt)//G is a toric variety with the maximal
torus T/G. Hence we have
Corollary 2.2.2. Under the toric setting, f : Y ss(L)//G → B provides a flat
toric degeneration for generic fibers of f .
Apply the above to toric degenerations of complete and partial flag va-
rieties, we re-obtain a result of Foth and Hu [9] (see also [12] for the case
of Gr(2,Cn)).
Corollary 2.2.3. GIT quotients of complete and partial flag varieties by the max-
imal torus degenerate flatly to projective toric varieties.
We remark here that the degenerations in Theorem 2.1.1, Corollaries
2.2.2 and 2.2.3 all depend on the flat families that we start with.
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3. FLAT FAMILY OF CHOW QUOTIENTS
3.1. Family of general Chow quotients. In this section, we assume in ad-
dition that the base B is projective. Hence the total variety Y is also pro-
jective.
As in [16], we will call the Chow cycles in Y//chG Chow fibers. By the
assumptions of the action, every Chow fiber is vertical, meaning that it is
contained in the fiber Yt for some t ∈ B. This leads to a map
f ch : Y//chG→ B.
To see that this is a projective morphism. We may treat Y as a scheme
over B acted upon by the trivial group scheme G/B = G × B. Use the
Chow scheme Ch(Y/B) ([24]), we can embed the space the closures of
generic (G/B)− orbits into Ch(Y/B) and take closure of the image to get
the Chow quotient (Y/B)//ch(G/B). As variety, this is the same as Y//chG.
Hence f ch : Y//chG → B is a projective morphism. It is trivial to see that
the fiber of f ch : Y//chG→ B over t ∈ B is exactly Yt//
chG. Hence we have
Theorem 3.1.1. When B is regular and of dimension 1, f ch is a flat family of
Chow quotients.
We suspect this is always true as long as f is flat. But we do not need
this generality for applications.
Theorem 3.1.2. Let f : Y → B be as in Toric Setting 2.2.1. Assume that the base
B is regular and of dimension 1. Then f ch is a flat family of the Chow quotients
Yt//
chG (t ∈ B) with the central fiber Y0//
chG a projective toric variety.
Proof. It suffices to show that Y0//
chG is a projective toric variety, but this
follows readily from [20]. 
3.2. Toric settings. Now consider any flat toric degeneration of a (partial)
flag variety, e.g, the Grassmannian Gr(k,Cn), over the affine space C, we
can easily extend this family into a flat family over P1. Then apply the
above discussions to the Chow quotients of this family, we obtain
Theorem 3.2.1. For every flat degeneration of a (partial) flag variety over P1 as
in Toric Setting 2.2.1 such that the group G is the maximal torus, there is an
induced flat family over P1 such that generic fibers are isomorphic to the Chow
quotient of the flag variety and the central fiber over 0 is a projective toric variety.
Hence, in particular, by applying [27] and the above, we have
Corollary 3.2.2. The Chow quotients of Grassmannians studied by Kapranov
([19]) and later by Lafforgue ([25], [26]) and again by Hacking, Keel and Tevelev
([10], [22], [11]) admit flat toric degenerations. The same holds for the Chow
quotients of all flag varieties.
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Isolating the special case of Gr(2,Cn), we then have the following im-
portant corollary:
Corollary 3.2.3. For every flat degeneration of Gr(2,Cn) over P1 as in Toric
Setting 2.2.1 such that the group G is the maximal torus of PGLn, there is an
induced flat family over P1 such that generic fibers are isomorphic to M0,n and
the central fiber over 0 is a projective toric variety N0,n.
Proof. All we need is to apply Kapranov’s theorem thatM 0,n is isomorphic
to the Chow quotient of Gr(2,Cn) by the maximal torus. 
Remark 3.2.4. N0,n depends on the family that we start with. In this paper,
by abusing notation slightly, we will always use the same notation N 0,n to
denote any toric degeneration ofM0,n that is being considered.
4. TORIC CHOW QUOTIENTS OF FLAG VARIETIES AND TORIC M 0,n
The results so far obviously apply to: quotients of flag vareities, quo-
tients of Schubert varieties, quotients of the products of Grassmannians (
see [15]), and so on. But we will devote the rest of the paper solely to flag
varieties and N 0,n.
4.1. Toric Chow quotients of flag varieties. LetG be a connected complex
semisimple group1, B a Borel subgroup, U its unipotent radical, and H a
Cartan subgroup such that B = HU . Let also Φ = Φ(G,H) be the system
of roots, Φ+ = Φ+(B,H) the subset of positive roots, and {α1, ..., αr} the
basis of simple roots, where r is the rank of G. Let Λ be the weight lattice
of G and Λ+ the subset of dominant weights. For λ ∈ Λ+ we denote by
V (λ) the irreducible G-module with highest weight λ. Let Pλ ⊃ B be the
parabolic subgroup of G which stabilizes a highest weight vector in V (λ).
Also denote by Lλ = G×Pλ C the G-linearized line bundle on Xλ := G/Pλ
corresponding to the character λ extended to Pλ.
Let W be the Weyl group and w0 ∈ W the longest element of length ℓ.
Choose a reduced decomposition
w0 = si1si2 · · · siℓ
into a product of simple reflections. The space A := C[G]U of regular, right
U-invariant functions on G, has a so-called canonical basis (bλ,φ), where
each bλ,φ is an eigenvector for both left and right H-action. For the right
H-action it has weight λ and for the left H-action the weight is given by
−λ+ t1αi1 + · · ·+ tℓαiℓ
1We note here that this group G is different than the one used in all the previous sec-
tions. For example, the groupG in Toric Setting 2.2.1 will be replaced instead by a Cartan
subgroup H in this section. We apologize for any possible confusion this may cause.
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where bλ,φ is parameterized by
(λ, t1, ..., tℓ) ∈ Λ
+ × Nℓ.
(The parameterizations of) bλ,φ generate a rational convex polyhedral cone
Cw0 ⊂ ΛR × R
ℓ
(see, e.g., [6]). Let p1 and p2 be the projection of ΛR × R
ℓ to the first and
second factor, respectively. Then for any fixed λ ∈ Λ+, Q(λ) = p−11 (λ)∩Cw0
is the so-called string polytope of λ. Q(λ) may be identified with its image
in Rℓ via the second projection p2 : ΛR × R
ℓ → Rℓ. Let
πλ : R
ℓ → ΛR
be defined by
(t1, ..., tℓ) 7→ −λ + t1αi1 + · · ·+ tℓαiℓ .
Then πλ sends the string polytope Q(λ) onto the convex hull of the Weyl
group orbit of the dual weight λ∗ = −w0 · λ:
πλ(Q(λ)) = Conv(W · λ
∗) = −Conv(W · λ) := ∆(λ)
Alexeev and Brion ([4]) and also Caldero ([8]) have constructed a flat
deformation of the polarized flag variety (Xλ, Lλ) to a polarized toric va-
riety (Xλ;0, Lλ;0) such that the moment polytope of (Xλ;0, Lλ;0) is the string
polytope Q(λ).
Let Φλ : Xλ;0 → Q(λ) ⊂ R
ℓ be the moment map for T-action, where T is
the compact part of (C∗)ℓ. Then the composition πλ ◦Φλ : Xλ;0 → ∆λ ⊂ ΛR
is the moment map for the maximal compact torus T ⊂ H .
Then apply the results from §3, we have
Theorem 4.1.1. The Chow quotient of Xλ = G/Pλ by the maximal torus H
degenerates flatly to the Chow quotient of the toric variety Xλ;0 by the subtorus
H . The corresponding fan of the toric Chow quotient is the common refinement of
the normal fans of the polytopes π−1λ (µ)∩Q(λ) for all µ ∈ ∆(λ). In addition, with
respect to some suitable ample line bundle, this toric Chow quotient corresponds
to the fiber polytope Σ(Q(λ),∆λ) for the projection πλ : Q(λ)→ ∆λ.
Proof. The flat family follows from Corollary 3.2.3. The rest is standard for
Chow quotients of toric varieties and fiber polytopes (see [20] and [7]). 
4.2. The toric variety N0,n. Let ∆
n
2 be the second hypersymplex defined
by
∆n2 = {(r1, . . . , rn)|0 ≤ ri ≤ 1,
∑
i
ri = 2}.
Any point (r1, . . . , rn) ∈ ∆
n
2 can be realized as side lengthes of a polygon
in R3. Let d2, . . . , dn−2 be the diagonals emanating from the start of the first
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edge to the ends of second to (n−2)-th edges. Then (r1, . . . , rn, d2, . . . , dn−2)
satisfies all possible triangle inequalities
di − di+1 ≤ ri+1,
di − di+1 ≥ −ri+1,
di + di+1 ≥ ri+1
for 1 ≤ i ≤ n − 2. Here d1 = r1 and dn−1 = rn. These inequalities define a
polytope Γn2 in R
2n−3 = Rn × Rn−3, called a Gelfand-Tsetlin polytope (see,
e.g., [12] for details). Let
ϕ : Γn2 → ∆
n
2
be the polytopal projection by forgetting the coordinates d2, . . . , dn−2. Let
Σ(Γn2 ,∆
n
2) be the fiber polytope of the projection ϕ : Γ
n
2 → ∆
n
2 ([7]).
Theorem 4.2.1. M 0,n admits a flat degeneration to the toric varietyN 0,n defined
by the fiber polytope Σ(Γn2 ,∆
n
2 ). The fan of N 0,n is the common refinement of the
normal fans of all the polytopes ϕ−1((r1, . . . , rn)), (r1, . . . , rn) ∈ ∆
n
2 .
Proof. Take a flat family that degenerates Gr(2,Cn) to the toric variety de-
fined by Γn2 (see, e.g., [8], [27] for the construction), then apply the results
from §3 and [20]. 
Wepoint it out again thatN 0,n is sensitive tomany choices involved. The
one in the theorem is just a particular example ofmany toric degenerations
ofM0,n
Remark 4.2.2. In [21], Keel and Tevelev wrote down some equations for
M 0,n. Ideally, it would be nice if one can produce some binomials out
of their equations, giving rise to certain toric degenerations of M 0,n with
interesting binomial equations.
4.3. Moduli interpretations ofN 0,n. In some symplectic way, an interpre-
tation can be done in terms of stable polygons ([14]). Topologically, this
toricM 0,n can be obtained by collapsing the moduli spaces of stable poly-
gons so that the bending flows extend everywhere ([17]). This is similar
to Kamiyama and Yoshida’s construction for the moduli space of ordinary
polygons ([18]). But, we would be happier to have an algebro-geometric
moduli interpretation.
Further details of these toric N0,n, including their moduli as well as
polygonal interpretations, will appear in forthcoming papers ([17]).
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